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Figure 1: An air ring develops into deforming bubbles. Simulated by the proposed method, GAVOF. The resolution is 192×
192×64.

Abstract

We present a new framework to simulate moving interfaces in viscous incompressible two phase flows. The goal is

to achieve both conservation of the fluid volume and a detailed reconstruction of the fluid surface. To these ends,

we incorporate sub-grid refinement of the level set with the volume-of-fluid method. In the context of this refined

level set grid we propose the algorithms needed for the coupling of the level set and the volume-of-fluid, which

include techniques for computing volume, redistancing the level set, and handling surface tension. We report the

experimental results produced with the proposed method via simulations of the two phase fluid phenomena such

as air-cushioning and deforming large bubbles.

Categories and Subject Descriptors (according to ACM CCS): I.3.5 [Computer Graphics]: Computational Geometry
and Object Modeling—Physically Based Modeling I.3.7 [Computer Graphics]: Three-Dimensional Graphics and
Realism—Animation

1. Introduction

Fluid flows are attractive natural phenomena. Imagine large
air bubbles entrapped in a volume of water which are stretch-
ing, breaking, and merging as they interact with the water.
For a quarter of a century, many researchers in the compu-
tational science field have tried to grasp the beautiful be-
haviours of fluids. In the field of computer graphics, repro-
duction of two phase flows in which both liquid and gas me-
dia exist has been a practical challenge.

A two phase flow simulator, generally, consists of two
main components: the solver of the fluid momentum as de-
scribed by Navier-Stokes equations and the tracker of the
fluid interface. Conservation of the physical quantities (such
as the momentum and the volume) is important for both
components. However, there is a trade-off; as the velocity
field becomes sophisticated, it is hard to obtain the interface
to conserve the volume. Given that the interface is directly
related to the visualization quality, it is a seminal issue in the
computer graphics community.
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Eulerian and Lagrangian approaches have been applied to
both components. Eulerian approaches with the fractional
step method (FSM) as the momentum solver and the level
set method (LSM) as the interface tracker have been a pop-
ular choice. However, with the LSM, it is known that the
results tend to be diffusive. Moreover, the fluid volume is
not preserved. Hybrid methods which incorporate the LSM
with Lagrangian objects such as particles or explicit meshes
can reduce the volume loss. However, volume conservation
is not sufficiently guaranteed when using particles for scenes
with small features. The local volume transfers and topol-
ogy changes are still difficult to handle with methods that
use explicit meshes in spite of the recent remarkable ad-
vances in this area. In terms of volume conservation, the
Eulerian volume-of-fluid (VOF) method and the Lagrangian
smoothed particle hydrodynamics (SPH) method have clear
advantages. Unfortunately, these methods pose the challenge
of extracting smooth interfaces, which is not the case in the
level set based methods.

The above discussion leads us to revisit the classical
method of combining the level set and the VOF methods.
In this paper, we develop a new framework to couple the
level set and the VOF methods to achieve both conserva-
tion of the fluid volume and a detailed reconstruction of
the fluid surface. In contrast to previous coupling methods,
we use refined sub-grids to store the level set. Since the
level set of the refined sub-grid is used to know the geo-
metric situation of the given volume fraction, it can effec-
tively handle sub-cell level details and local volume trans-
fers. We refer to this method as the geometry-aware volume-
of-fluid (GAVOF) method. The contributions of this paper
can be summarized as follows: (1) The paper introduces a
new framework, GAVOF, to couple the level set and the VOF
methods with geometrical consistency. (2) It develops algo-
rithms needed for the implementation of GAVOF, which in-
clude redistancing the level set and handling surface tension.
(3) It shows by experiments that the proposed method does
preserve both the volume and the details quite well.

2. Related Work

The global framework of the proposed method is based on
the Eulerian scheme. But Lagrangian meshes are also used
in each local cell. Thus, we review both Eulerian and La-
grangian methods which are relevant to our work.

2.1. Eulerian Methods

The LSM [OS88] and the VOF method [HN81] based on
the FSM [Cho67, Sta99] are commonly used Eulerian meth-
ods. In the LSM, the interface is defined by the zero con-
tour of the level set function. The discrete level set repre-
sentation can lose the signed distance property as the in-
terface evolves, thus, a redistancing procedure is needed to
maintain the signed distance property [SSO94]. During the

processes of surface evolution and redistancing, the volume
can disappear or become aliased. To alleviate such prob-
lems, methods using a sub-cell fix [RS00] for the redistanc-
ing, using particles [EMF02, ZB05, SKK07], using adaptive
grids [LGF04, HK10], and using filters [KLL∗07, KSK09]
have been introduced. However, those methods do not con-
serve the local volume to a sufficient degree in scenes with
small features.

Recently, methods that are mainly focusing on the con-
servations have been introduced; [MMTD07] has sug-
gested a density based interface tracking method; [LGF11,
LCPF12] have presented conservative semi-Lagrangian ad-
vection methods; [CM12] has combined the previous two
types of methods. Especially, the methods [LCPF12,CM12]
for liquids showed very efficient results by allowing large
time steps. Our work takes a different approach from them;
in our work two phase flows are solved without the free sur-
face approximation; the volume is conserved via the VOF
method. Although our method depends on small time steps,
realistic viscous bubbles can be achieved.

The VOF method guarantees conservation of the volume.
The interface is generally reconstructed by means of the
piecewise linear interface calculation (PLIC) [RK98]. How-
ever, it is not connected across the cells of the grids. There-
fore, if low-resolution grids are used, it becomes difficult to
capture the sub-cell features and obtain the mesh for render-
ing. The time restriction is also stiffer than that of the LSM.
To increase the level of detail in the interface and reduce the
degree of freedom of the domain, a method using an adaptive
grid (Gerris) [Pop03] has been introduced. To solve the dis-
connected interface problem, a method combining the level
set and the VOF method (CLSVOF) [SP00] and applications
such as [MUM∗06,KPNS10] have also been introduced. Our
work carries on the ideas of Gerris and CLSVOF, but extends
it to the sub-cell level.

2.2. Lagrangian and Hybrid Methods

Methods based on SPH [Mon92] as well as hybrid meth-
ods that combine the Lagrangian particles or meshes with
the Eulerian grids have been increasingly introduced. Since
the early works [PTB∗03, MCG03] on SPH, improve-
ments in the incompressibility [BT07, SP09], in the adap-
tivity [APKG07, SG11], and in the versatility [AIA∗12,
IAAT12, CPPK07] have been made. Along with the above
improvements on the SPH itself, techniques to convert par-
ticles into a smooth interface also have been developed
by [YT10, YWTY12]. Despite the recent remarkable ad-
vances, however, SPH methods are less accurate in modeling
the interfacial viscosity and the surface tension of two phase
flows. Space-filling particles may have to be used to solve
multi-phase flows accurately.

Hybrid methods have been introduced to complement the
Eulerian and Lagrangian methods. The particle level set
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(PLS) based methods [EMF02, SKK07] and the fluid im-
plicit particle (FLIP) based methods [ZB05, AT11, BB12]
have shown impressive results. For small-scale bubbles and
forms interacting with large-scale fluids, methods to cou-
ple the SPH and PLS methods [HLYK08, LTKF08], meth-
ods to couple the SPH and the marker level set (MLS)
methods [MMS09], and a method to use stochastic parti-
cles [KSK10] also have been introduced. Recently, mesh-
based methods have been actively studied by [BGOS06,
M0̈9, WTGT09, WTGT10, TWGT10, BBB10]. However a
purely mesh based simulator is still difficult to implement.
To alleviate the difficulties associated with handling the
topological changes and balancing the interfacial forces, the
meshes are often embedded to the Eulerian grids. The fluid
volume is then offset in a global manner. This contrasts to
our method, in which the meshes are readily available in
each local cell and the fluid volume is compensated for lo-
cally.

3. The System Overview

In this section we give an overview of our framework, de-
ferring the details and the contributions of our method in
the next two sections (Sections 4 and 5). Figure 2 shows the
solver architecture, which consists of two main components:
the momentum solver and the interface tracker. If a good
momentum solver has been already equipped, the interface
tracker could be easily implemented.

Given the density, dynamic viscosity, and the curvature in
each grid cell, the momentum solver updates the velocity of
the domain as follows: (1) the solver computes the velocity
advection term in a conservative manner. (2) The solver per-
forms the velocity diffusion implicitly. (3) The solver per-
forms the pressure projection with the surface tension. (4)
Finally, the solver applies the pressure difference to make
the intermediate velocity incompressible. Two phase fluid
flows can be approximated by single phase fluid flows with
the free surface boundary. Although such approximation can
reduce the amount of computation, lack of the pressure of
the counterpart can cause the moving interfaces to collapse.
Therefore, in the development of the momentum solver, we
did not make the free surface approximation.

Figure 2: The solver architecture

From the incompressible velocity field given by the mo-
mentum solver, the interface tracker updates the interface
as follows: (1) the tracker updates the volume fraction of
each cell in a conservative manner. (2) The tracker moves the
level set interface using a semi-Lagrangian method. (3) The
tracker corrects the resulting level set interface according to
the volume fraction. (4) Finally, the tracker performs redis-
tancing of the level set. The conserved volume fractions are
a primary component for the momentum solver. The level
set values are continuously corrected to fit the volume frac-
tion. In the process of volume correction of the level set,
inconsistency between the volume fraction and the level set
may occur. We will describe this problem in more detail and
propose a solution in Section 5, which forms the main con-
tribution of this paper.

4. The Momentum Solver

In this section, we briefly describe the momentum solver. Al-
though it is not the main contribution in this paper, we em-
phasize that the incompressibility of the velocity field is im-
portant to conserve the fluid volume aside from the preven-
tion of the interface aliasing. Also, the momentum conser-
vation is important to preserve sub-cell level details. Hence,
we use the finite volume method (FVM) strictly to solve the
momentum equations. For more details for the momentum
solver, we recommend to refer to Gerris [Pop03].

4.1. Governing Equations

We solve the viscous incompressible Navier-Stokes equa-
tions with surface tension.

∇ ·u = 0 (1)

ρ(ut +u ·∇u) =−∇p+∇ · (2µD)+σκδsn+g (2)

Tt +∇ · (T u) = 0 (3)

φt +∇ · (φu) = 0 (4)

where u, ρ , µ , p, D, σ , κ , δs, n, and g are the velocity,
the density, dynamic viscosity, the pressure, the deforma-
tion rate tensor, surface tension coefficient, the curvature, the
Dirac delta function defined on the interface, the unit normal
to the interface, and the gravity, respectively. T (0≤ T ≤ 1) is
the volume fraction and φ is the level set. Equations 1 and 2
describe the incompressibility of the velocity field and the
conservation of the momentum, respectively. Equation 3 is
the advection of the volume fraction and describes the con-
servation of the mass if we define the density by the volume
fraction. Equation 4 is the advection of the level set, which
is supplemented for the interface tracking.

The density and dynamic viscosity are computed from the
volume fraction according to Equations 5 and 6, and the cur-
vature is computed from the level set as Equation 7 (Sec-
tion 5.7). For two phase flows at high density/viscosity ratio,
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the filtered volume fraction is generally used.

ρ = T ρ1 +(1−T )ρ2 (5)

µ = T µ1 +(1−T )µ2 (6)

κ = ∇ ·

(

∇φ

‖∇φ‖

)

(7)

4.2. Spatial Discretization

To reduce degrees of freedom and efficiently determine
where the fluid interfaces exist, we use an octree grid. Vari-
ous interpolation schemes on the octree grid have been sug-
gested [Pop03, LGF04, MG07]. We adopt the restrictive and
fully-threaded octree of [Pop03], which facilitates the imple-
mentation of the multigrid solver (Section 4.4) and the pre-
computation of ENO coefficients (Section 5.6). All variables
except for the level set are stored at the center of the grid
cells. This simplifies the FVM formulation. The velocity-
pressure decoupling problem caused by the collocated ar-
rangement is moderated by solving the pressure projection
at the face center (not at cell center).

4.3. Time Integration

The time integration is done with the modified FSM which
is illustrated in Figure 3.

Figure 3: The time integration steps.

The superscript n+ 1
2 denotes the time step right after the

interface tracker. The spatial derivatives of the equations in
each step are discretized by FVM. In particular, the veloc-
ity advection term is discretized by Bell-Colella-Graz (BCG)
second order unsplit scheme [BCG89], which is known to be
stable when the CFL number is less than one. The velocity
diffusion is computed by the Crank-Nicolson method. The
resulting Helmholtz type equation produces a linear operator
F. The pressure projection produces the weighted Laplace
operator G. The linear systems represented by F and G can
be solved by using the Poisson solver.

4.4. Poisson Equation Solver

To solve linear systems in Section 4.3 efficiently, we use
the multigrid method, which requires us to formulate Gauss-
Seidel relaxation operator for the Poisson equation. To do
this, we integrate Equation 8 over a cell.

∇2e = r (8)

where e is a variable and r is a right hand side. By applying
the divergence theorem, we have Equation 9.

∑
d

∇de = hr (9)

where ∇d is the gradient operator at the face in a direction
d and h is the cell size. By linearizing the gradient operator,
Gauss-Seidel relaxation is fulfilled by Equation 10.

e =
hr−∑d βd

∑d αd

(10)

where αd and βd are the slope and the intercept of the lin-
earized gradient operator in a direction d. The relaxation for
the residual equation is directly applied to each level of grids
using V-cycle. We use simple averaging and straight injec-
tion for the restriction and prolongation operators. The result
after V-cycles corrects the error and enhances the conver-
gence substantially.

5. Geometry-Aware VOF

In this section, we present our geometry-aware interface
tracker.

5.1. Cell Refinement

The main difference between the previous VOF or CLSVOF
methods and ours comes from that, in our method, the level
set values are stored at the refined points as shown in Fig-
ure 4. If the refinement of a cell is made as suggested
in [DP09, HK10], it is possible to reconstruct the level set
function in the cell using Lagrange polynomials. We use the
third-order Lobbato points.

Figure 4: (a) Without refinement: the interface is obtained

with the level set values of the black dots. (b) With refine-

ment: the interface is obtained with the level set values of

the black dots within the current cell. (c) The refined points

which are shared with neighbour cells are shown in red.
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Compared to solving the least squares problem using the
3×3 (3×3×3 in 3D) stencil [MTB07], with the cell refine-
ment, the interface is directly reconstructed by the marching
cube algorithm. Note that refinements of neighbour cells can
provide different level set values (up to four values in 2D) to
a shared refined point, as shown in Figure 4 (c). In such a
case, we basically take the absolute minimum value. In or-
der to detect the shared points, we use the grid hashing.

5.2. Volume Computation

Coupling of the level set and the volume fraction requires an
efficient volume computation method. We use the Heaviside
function approximation formulas presented by [MG08]. (In
Table 1, we fix two errata of the formulas). One can com-
pute the volume by extracting the closed meshes, using the
voxelization [ED08], or approximating the Heaviside func-
tion in other ways [Tow09]. However, the method we used is
fast enough and sufficiently robust. Also, it gives the exact
volume for piecewise linear interfaces.

Table 1: We correct the two entries of the Heaviside function

approximation table of [MG08].

5.3. Advection of Volume Fraction

The advection equation for the volume fraction is solved
by the split-direction method; Equation 3 is discretized by
Equation 11, which is integrated (in 2D) by Equations 12
and 13.

T n+ 1
2 −T n− 1

2

∆t
+∇ · (T nun) = 0 (11)

T ⋆
i jV

⋆
i j = T

n− 1
2

i j V
n− 1

2
i j +(F

n− 1
2

i− 1
2 j
−F

n− 1
2

i+ 1
2 j
) (12)

T
n+ 1

2
i j V

n+ 1
2

i j = T ⋆
i jV

⋆
i j +(F⋆

i j− 1
2
−F⋆

i j+ 1
2
) (13)

where V and F are the effective cell volume and the flux
passing through a cell face. Since it is formulated by FVM,
the total volume is preserved. Note that we truncate the vol-
ume fraction that is apart from the interface by h in order
to handle flotsams caused by the lack of floating precision.
However, the truncation effect on the volume conservation
is small as shown in Figure 9.

The flux at each cell face is computed geometrically, as
shown in Figure 5. When we compute the flux (in one direc-
tion), first, we compute the distance by multiplying the face
velocity with time step size. Second, we take the level set
of the intruding cell and fit it to the volume fraction (Sec-
tion 5.5). Then, we cut the intruding cell by the distance and

Figure 5: The volume fraction of the cell shown in red is up-

dated by FVM (in x-direction). L and R represent the fluxes

passing through the left and right faces. They are approxi-

mated by the Heaviside function.

apply the Heaviside function approximation to find volume.
For the flux computation in the next direction, we move the
level set of the original cell with the face velocity and store
it temporarily.

5.4. Advection of the Level set

After the advection of the volume fraction, we advect the
level set using the semi-Lagrangian method. We use the
Runge-Kutta second-order method for the position integra-
tion and use Lagrange polynomials for the level set interpo-
lation as in [DP09, HK10].

5.5. Correction of the Level set

We correct the level set values in a cell to be consistent with
the volume fraction. In order to preserve the interface details,
we let all the level set values in the refined cell change by a
constant c in Equation 14. The inverse problem to determine
c given the target volume fraction T is solved by the Brent’s
method.

∫

Ω
H(φ)dΩ =

∫

Ω
H(

N−1

∑
i=0

Li
xyz(φi + c)) = TV, (14)

where H is the Heaviside function defined on a cell Ω, Li
xyz is

a Lagrange polynomial defined at the i-th level set point, and
N is the number of level set points. If the target volume frac-
tion is zero or one, the solution could not be unique. There-
fore, we modified the Brent’s method to give the unique so-
lution by selecting the absolute minimum change c which
makes all level set values have the same sign as in Figure 6
(d). When we correct the level set values, neighbour cells
which share a refined point may change its level set value
differently. We let the point take the absolute minimum if
all corrected values have the same sign. If there exists a cor-
rected value of different sign, we let the point take the aver-
age.

Figure 6 shows four cases of the level set volume correc-
tion. The case of (b) shows the inconsistency between the
volume fraction and the level set. In this case, we have to
handle two types of volume fractions: one is known to be
flotsam and the other is a small feature aliased in the cell.
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Figure 6: Level set volume correction cases: (a) This is the

most typical case. The level set is fitted to the volume frac-

tion. (b) The volume fraction indicates that flotsam exists or

a small feature is aliased in the cell. Since the volume fitting

may result in undesired interface, we simply generate the

sub-cell volume element (shown in red). (c) This is another

typical case. The volume fitting is unnecessary. (d) The level

set is fitted to have the same sign with the minimum distance.

The dashed line is expected to be the resulting interface.

The first one is ignored whereas the second must be heeded.
To do this, we introduce the sub-cell volume element. We
determine the center position of the sub-cell volume ele-
ment by computing the inverse level set weighted average
of the level set points. Given the volume fraction, we set
the width, height, and depth of the element by considering
the variances. Also, we define the sign of the element by
the opposite sign of the level set. If the sub-cell volume el-
ement overlaps at least p/2 grid points with different signs,
it changes the values of the overlapped level set points. (If
we let the element change the level set value even when it
overlaps only one grid point, the tiny interface can not move
outside the cell and can be seen as a noise). We provide Al-
gorithm 1 for the volume correction.

Algorithm 1 Volume Correction
while Leaf cells do

if 0 < T < 1 and all φi have the same sign then

Generate the sub-cell volume element
if The element overlaps p/2 grid points then

Change φis at the overlapped grid points
end if

end if

if There exists a φi of different sign then

Fit φ to T

end if

end while

This routine can be called in the process of the volume
fraction advection. If the sub-cell volume element is gener-
ated during the process, it participates in the flux computa-
tion by moving, resizing, and destroying. However, we em-
phasize that it does not change the volume fraction itself,
thus, it does not affect the volume conservation.

5.6. Redistancing

In the advection of the level set, the level set should satisfy
the signed distance property. Since our CFL number is less
than one, it is sufficient for the cells next to the interface
to be of the signed distance property. We have implemented
two different redistancing methods; one is PDE-based and
the other is mesh-based.

In the PDE-based method, we use the sub-cell corrected
ENO2 derivatives. Since we rely on the geometric distance
to the interface, the overall accuracy is limited to the second
order, thus, higher order method is redundant. We precom-
pute the ENO constants and perform Gauss-Seidel sweeping
as [Min10]. The sweeping directions on the octree is deter-
mined by the order of traversing children nodes as [COQ06].

Alternatively, we can compute the signed distance directly
from the meshes extracted from the level set grid. If we make
a map from each cell to its adjacent triangles of the meshes
priorly, the computation can be accelerated. Compared to the
PDE-based method, the mesh-based method is easily par-
allelized. At the same time, the result is almost the same.
Hence, we have used the mesh-based method for all experi-
ments.

5.7. Surface Tension

To model surface tension, we use the continuum based
surface tension force (CSF) [BKZ92]. For the curvature
computation, we adopt the least squares method suggested
by [MR06], which relaxes the locality of the curvature.
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(15)
where the system is formulated by N sample points and the
solution is used to compute the curvature. To solve Equa-
tion 15 properly, we need at least 6 (10) sample points in 2D
(3D). In our implementation, we use 21 (81) sample points
in 2D (3D) as illustrated in Figure 7. We precompute the in-
verse matrix of the normal equation for the efficiency.

Figure 7: Sample points for the curvature computation at

the center of the shaded cell: (a) 2D (b) 3D
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Figure 8: Four columns of water with different thicknesses.

Plateau-Rayleigh instability from the surface tension is nat-

urally reproduced. The resolution is 1283.

It has been reported that in simulations of two phase
flows dominated by surface tension, methods considering
sub-cell level details often fail (even if the curvature is accu-
rate) [DP09, WMFB11]. The resolution mismatch between
the momentum grid and the interface grid can cause the im-
balance between the pressure difference and the surface ten-
sion across the interface. These errors are accumulated and
become sources of spurious currents which deform the in-
terface abnormally. Therefore, we pay attention to the bal-
ance of the pressure difference and the surface tension in two
ways: first, we compute the surface tension at the cell face
(as we did for the pressure projection) and apply it to the cell
center [Pop09]. Second, we optionally apply the smoothing
filter [Tau95] to local meshes before the volume correction
if flows are dominated by the surface tension. In these ways,
we can practically reduce the spurious currents near the in-
terfaces and increase the stability.

6. Results

All simulations presented here were performed on a sin-
gle desktop computer with Intel Core i7 3.3GHz CPU with
12GB RAM on 64 bit windows OS. We accelerated our
framework using MPICH. The optimization techniques for
the domain decomposition have not been implemented, thus,
linear scalability was not accomplished. However, the opti-
mization is one of our future works. The final rendering was
done with Mitsuba [Jak10]. For the density and viscosity,
we used ρl = 999kg/m3 and µl = 1.1e−3kg/ms for the wa-
ter, ρg = 1.2kg/m3 and µg = 1.8e−5kg/ms for the air. We
used the surface tension coefficient σ = 7.2e−2N/m and the
gravity g = 9.8m/s2.

Figure 1 shows four snapshots taken during a GAVOF
simulation, in which an air ring breaks into deforming bub-
bles by the buoyant force. We decomposed the domain into
3 × 3 × 1 and used the resolution 643 for each decom-

Figure 9: Volume profiles. We can see the volume is well

preserved in all the experiments. (a1) and (a2) show water

and air volume in the air-ring simulation. (b) shows the wa-

ter volume in the simulation of four columns of water. (c)

shows the water volume in the surface tension simulation.

(d) shows the water volume in the water-drop simulation.

The volume scales for the solid and dashed lines are shown

in the left and right axes, respectively.

posed domain. The physical size of the domain is 45cm×
45cm× 15cm. Using nine cores, each time step took about
1.5 minute. Without using any kind of Lagrangian parti-
cles or artificial forces, the experiment demonstrates that the
proposed method successfully generates various scales and
shapes of bubbles, without dissipating as they rise up.

Figure 9 plots volume profiles for all 3D simulations. It
shows that the volume is well preserved. For example, the
volume change of the air ring is less than 2% although the
air ring occupies only 0.16% volume in the domain.

Figure 8 shows a snapshot of another GAVOF simulation
in which four columns of water with different thicknesses
are falling down. The water does not disappear, but piles up
on the floor. Interestingly, we can observe that the simulator
generates the Plateau-Rayleigh instability caused by the sur-
face tension. We decomposed the domain into 23 and used
the resolution 643 for each decomposed domain. The physi-
cal size of the domain was 10cm×10cm×10cm. Using eight
cores, each time step took about one minute.

Figure 10 shows snapshots of the third GAVOF simula-
tion in which a water ball drops into a body of water. The
video shows that air bubbles are entrapped naturally at the
contact and do not dissipate. We used the resolution 1283

for the entire domain. The physical size of the domain was
30cm×30cm×30cm. We decomposed the domain into four
sub-domains. Using four cores, each time step took about
two minutes. In this simulation, non-separating boundary
artefacts are shown. Applying robust solid boundary han-
dling methods such as [MST10, CM11] to GAVOF is one
of our future works.
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Figure 10: Water drops in 3D. We can see that various scales of bubbles are naturally simulated. The resolution is 1283.

Figure 11 shows close-up shots of the final GAVOF sim-
ulation in which a 6cm wide cubic water inside the 30cm

wide domain deforms by the surface tension. The resolution
is 323. Using single core, each time step took about one sec-
ond. In this simulation, we applied the Taubin’s smoothing
filter to local meshes with parameters λ = 0.5 and kPB =
0.05 [Tau95].

Figure 12 compares the results of the vortex deformation
test. It shows the proposed method preserves the deformed
shape and volume quite well.

7. Conclusion

In this paper, we have presented a new framework to simu-
late moving interfaces in viscous incompressible two phase
flows without loss of the fluid volume and surface details.
The sub-grid refinement of the level set coupled with the
VOF method could improve the previous coupling methods
by capturing sub-cell details more vividly.

A limitation of our method is the time step restriction. It is
known that the surface tension can induce spurious currents
near the interface and become unstable when large time steps
are used. Stable methods to alleviate this problem have been
introduced by [SO09,Sus11]. Applying these methods to our
framework will be a future work. Our framework is not lim-
ited to the regular grid. Hence, the application to irregular
domains can be another future work.
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