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Abstract

We present a new technique which can handle both point and sliding constraints in the multigrid (MG) framework.

Although the MG method can theoretically perform as fast as O(N), the development of a clothing simulator

based on the MG method calls for solving an important technical challenge: handling the constraints. Resolving

constrains has been difficult in MG because there has been no clear way to transfer the constraints existing in

the finest level mesh to the coarser level meshes. This paper presents a new formulation based on soft constraints,

which can coarsen the constraints defined in the finest level to the coarser levels. Experiments are performed which

show that the proposed method can solve the linear system up to 4–9 times faster in comparison with the modified

preconditioned conjugate gradient method (MPCG) without quality degradation. The proposed method is easy to

implement and can be straightforwardly applied to existing clothing simulators which are based on implicit time

integration.

Categories and Subject Descriptors (according to ACM CCS): I.3.7 [Computer Graphics]: Computer Graphics—
Three-Dimensional Graphics and RealismAnimation;

1. Introduction

Realistic, fast clothing simulation techniques have been an
important issue in the computer graphics field over the past
twenty years. Thanks to the achievements made in this field,
it is now possible to create simulated clothing that is al-
most indistinguishable from real clothing. Such kinds of
high quality clothing simulations call for some amount of
computation thus are done in off-line, and used in the pro-
duction of movies or feature animations. On the other hand,
there are also some applications (e.g., gaming, on-line per-
sonalized clothing sales) in which real-time performance is
important. The draping quality trades off with simulation
speed. Nonetheless, as the clothing simulation technology is
exposed to a wider audience in the form of real-time fashion
design software or on-line virtual fitting systems, a strong
demand has emerged for a realistic and fast simulation tech-
nique. This paper proposes a technique which can produce
production-quality clothing simulations several times faster
than previously proposed methods.

Simulation of clothing interacting with a body can intro-
duce thousands of sliding or point constraints. The MPCG
method introduced by Baraff and Witkin [BW98] has been
a practical choice for solving a large sparse linear system

arising in clothing simulations, particularly for its capabil-
ity of resolving constraints. Other approaches have been
also practiced to resolve the above constraints; Bridson et
al. [BFA02] and Muller et al. [MHHR07] resorted to direct
velocity/position manipulation.

Multigrid (MG) methods [Bra77, BHM00], which use
multiple resolutions (or levels) to solve a linear system, have
been successfully applied to various problems such as fluid
dynamics, image processing, and geometry-based mesh de-
formation. When employed successfully, MG methods can
exhibit linear time complexity. Unfortunately such optimal
performance is not straightforwardly achievable in clothing
simulation. A major challenge here is constraint handling;
The simulators which have been developed based on the MG
framework do not have proper constraint handling capabil-
ity. We note that the above projection-based hard constraints,
whether resolved while solving the linear system (MPCG) or
after solving it (position alteration/velocity filtering), cannot
be easily transferred to the coarser levels, because coarsen-
ing the hard constraints causes inconsistency across MG lev-
els. Considering the smooth nature of the inter-level quantity
exchanges (e.g., in interpolation and coarsening), we con-
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clude that soft constraints are better suited for MG simula-
tions.

The soft constraints can be implemented through the im-
plicit filtering mechanism of the implicit time integration.
We find that this method handles sliding and point con-
straints remarkably well in the MG method. Although the
method is formulated with soft constraints, the experimental
results show that the constraints resolution quality measured
at the finest level is virtually indistinguishable from ground-
truth simulation results obtained by MPCG, but the proposed
method runs up to 4–9 times faster depending on the mesh
size.

The contribution of this paper is the development of the
MG framework for clothing simulation which can accom-
modate constraints. To be specific, we propose 1) a soft con-
straint formulation which can be incorporated into the MG
framework, 2) a procedure to transfer constraints across MG
levels, and 3) a hybrid smoothing which runs faster than the
previously proposed MG smoothing.

2. Related Work

Since the seminal work [BW98], implicit time integration
has been a popular choice for high-quality off-line simula-
tions. The framework has been enriched by various energy
models of [CK02, GHDS03, BWH∗06, VMTF09, WOR11]
that could realistically represent the cloth materials. Our
work is also based on the implicit time integration methods
for high quality simulations, and presents a multigrid frame-
work which can accommodate constraints. For brevity, we
review the most relevant prior work to ours.

2.1. Handling Constraints

Constrained dynamics has been widely investigated in Com-
puter Graphics. Witkin at al. [WFB87] classified the types
of useful constraints and employed a penalty method to pre-
vent illegal particle motions. Baraff and Witkin [BW98] pre-
sented the MPCG method that filtered out undesired particle
DOFs during the PCG iterations. Constrained Lagrangian
mechanics was used for modeling contacts [OTSG09], for
implementing strain limiting [GHF∗07], and for controlling
cloth motions [BMWG07]. Unlike the above approaches
that integrated constraints into the linear system, [BFA02,
MHHR07, TPS09] treated constraints in the post-processing
step after solving the linear system.

2.2. Hierarchical Approaches

To improve the performance, hierarchical approaches have
been studied. [Mu08] proposed a hierarchical solver which
improved the convergence of the real-time simulation
technique [MHHR07]. [WOR10] also employed a multi-
resolution solver which improved the global convergence in
the strain limiting steps. The above two methods used the

hierarchy only for resolving constraints, whereas [LYO∗10]
formulated a reduced version of the implicit integration
equation for dynamically adaptive meshes. [NSO12] pre-
sented a dynamically adaptive remeshing technique for the
production of detailed wrinkles and proposed a strain limit-
ing technique applicable to anisotropic irregular meshes.

2.3. Multigrid

Multigrid method has proven effective for regular do-
main applications such as fluid simulation [MST10], elas-
tic body simulation [ZSTB10,MZS∗11], and image process-
ing [KH08]. For unstructured meshes, one can use algebraic
multigrid (AMG) or geometric MG on hierarchically defined
mesh. [Ada04, SYBF06] used AMG for applying hard con-
straints in the optimization literature, but they are not appli-
cable to the cloth case. AMG constructs inter-level operators
from the system matrix, whereas geometric MG constructs
them from the hierarchical mesh. Our work is based on the
geometric MG.

2.4. Constraints in Multigrid

The standard multigrid methods are not directly applica-
ble to clothing simulation (See Section 4.1 for details). Oh
et al. [ONW08] proposed to use physically inspired coars-
ening techniques, and shows impressive speed up. How-
ever, the method coarsened only forces and Jacobians, it
left constraints untouched through multigrid levels, result-
ing in a poor convergence under the collision constraints (or
the user-given constraints) because of inconsistency across
multigrid levels. Lee et al. [LYO∗10] overcame this issue
by adaptively changing meshes every time step, which led
to improvements in the speed with plausible results. Zhu
et al. [ZSTB10] proposed a general multigrid approach for
incompressible materials based on the linear elastic FEM.
McAdams et al. [MZS∗11] used (an)isotropic Young’s mod-
ulus in formulating the spring energy for modelling the
penalty force, and applied it in their multigrid framework
of character skinning animation. While above two meth-
ods [ZSTB10, MZS∗11] are used in embedded simulation
with regular Cartesian lattices placed around the volumetric
objects, our method is applied on the thin shell case in which
conforming triangular discretization is necessary.

2.5. Upsampling Methods

Recently, the methods to combine physics-based coarse level
simulations with efficient schemes to add fine level details
have been actively studied. [MC10, RPC∗10] created wrin-
kles from a coarse result using efficient but approximate
pseudo dynamics. [WHRO10,dASTH10,FYK10,KGBS11]
used learning approaches to achieve a detailed wrinkling
based on high-resolution simulation. Although promising,
these methods do not couple high resolution simulation back
to coarser simulation, so simulation quality does not match
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that of fine level simulations; our method produces results
that are visually indistinguishable from fine level simula-
tions.

3. Preliminary

Physics-based clothing simulation can be formulated as a
time-varying partial differential equation

ẍ = M
−1

(

−
∂E

∂x
+F

)

, (1)

where ẍ is the acceleration, M is the mass, E is the scalar
representing the energy associated with internal deforma-
tions, F is the sum of the external forces including gravity
and collision force. Employing a method of implicit integra-
tion [BW98], Equation (1) can be written into a linear system

(

M−h
∂f

∂v
−h

2 ∂f

∂x

)

∆x = hMv
n +h

2
(

f
n −

∂f

∂v
v

n

)

, (2)

where h is the time step, M is the 3N ×3N mass matrix, f is
the 3N force vector which is the sum of the external forces
and the internal forces stemming from the internal energy, x

is the 3N position vector, v is the 3N velocity vector, n is the
superscript of the time step. For direct handling of positional
constraints, we use the above formulation, in which the un-
knowns are position changes rather than velocity changes. In
the subsequent writing, we denote the left hand side of the
above equation by A∆x and the right hand side by b. The sys-
tem matrix A is symmetric and can be made positive definite
by dropping the complementary projector terms in the Jaco-
bian matrix when the cloth is in tensile compression [CK02].
Note that Equation (2) is an unconstrained system.

3.1. Basics of Multigrid Method in Cloth Simulation

The multigrid method [Bra77, BHM00] is a numerical
method to solve A∆x = b by solving the system at multiple
resolutions (or levels) and exchanging the resulting quanti-
ties across the levels. The basic idea of multigrid is to accel-
erate the global convergence by solving the residual equation
in the coarser level mesh. In the standard multigrid method,
the restriction operator R and the prolongation operator P are
used to coarsen the system matrix, i.e., Galerkin coarsening
Am = RAm+1P. Unfortunately, as for clothing simulation,
this operation does not produce a proper coarsened matrix.
Oh et al. [ONW08] introduced a coarsening method tailored
to clothing simulation. In this paper, we adopt that approach
but make extensions to properly handle constraints.

To start geometric MG, a mesh should be prepared which
can accommodate the MG hirearchies as shown in Figure 1.
First, we employ the Delaunay triangulation to generate the
coarsest mesh to approximate the given cloth patterns. Sec-
ond, each triangle is subdivided into four smaller triangles by
inserting particles at the mid-points of the three edges. Each
inserted particle is called a mid-particle and the two ends

Level  m+1 Level   m Level  m-1 

Parent-particles 

Mid-particles 

Figure 1: Hierarchical mesh construction

of the edge (before the subdivision) are called the parent-

particles of the mid-particle. (Each mid-particle has two par-
ents.) Then, an optimization is performed for the boundary
vertices of the given patterns to fit to the contour line, and
for the interior vertices to make better-shaped triangle mesh.
This procedure is repeated recursively until the finest level is
reached. For the optimization, we adopt the iterative method
of [ACSYD05]. During iterative optimization, the boundary
vertices are fixed on the contour line, and the interior ver-
tices are updated to their optimal positions for equilateral
triangles. Although the coarsest mesh can miss the fine de-
tails of the given patterns, when the above subdivision-then-
optimization is applied across the levels, the finest mesh fits
the given patterns with enough accuracy.

In this work, we use the variable m to refer to the current
level as shown in Figure 1, 1 and M being the coarsest and
finest levels, respectively. (We used M = 4 when the num-
ber of vertices is over 200,000, otherwise we used M = 3.)
Down-sampling from level m to m−1 is called restriction or
coarsening, and up-sampling from level m to m+1 is called
prolongation or interpolation.

4. Method

Simulation of clothes interacting with a character’s body
can introduce thousands of constraints. Therefore, without
a proper method to handle the constraints, all the benefits
of using the multigrid method quickly diminish. Constraints,
which are typically introduced in the finest level, can be sup-
plied from the user for direct control of the simulation or can
be automatically generated by the simulator in the process of
handling collisions. The constraints are difficult to transfer to
coarser levels, since the projection-based hard constraints in
the existing methods [BW98, MHHR07] are impossible to
control the degree of constraining. There is no in-between;
in the hard constraint scheme, a particle is either constrained
or not constrained.

For example, in the coarsening step, if we decide to drop
the constraints associated with mid-particles (the particles
which disappear in the coarser level in Figure 1) in the
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coarser level mesh, we lose the constraining information,
which results in inconsistency across multigrid levels. On
the other hand, if we decide to transfer the mid-particles’
constraints to their parent-particles, the coarser level would
be more constrained than it is originally supposed to. Thus
it also leads to inconsistency. In any cases, transferring the
hard constraints from the finer level to the coarser level is
problematic. We experimented with several other constraint
distribution strategies for the hard constraint-based multigrid
method, but discovered that they either fail to converge or
converge at sluggish rates.

4.1. Soft Constraint Formulation

To remedy this problem, we use soft constraints for our
multigrid framework. In this section, we formulate the soft
constrained linear system at the finest level. Then, in the next
section, we present the procedure for coarsening the con-
straints to the coarser levels.

Our soft constraint formulation is motivated by the filter-
ing effect of the implicit time integration [DSB99] and the
mass modification method [BW98]. We constrain each parti-
cle’s movement along a particular direction by adding a new
term to the system matrix, in addition to the force-Jacobian
term of the implicit formulation. More specifically, to con-
strain the movement of particle i, we add a 3×3 matrix Di to
the block diagonal term of the system matrix in the following
way
(

M−h
∂f

∂v
−h

2 ∂f

∂x
+h

2
D

)

∆x= hMv
n+h

2
(

f
n + fdisp −

∂f

∂v
v

n

)

,

(3)
where

fdisp =
(

f
⊺

disp,1, f
⊺

disp,2, · · · , f
⊺

disp,N

)⊺

∈ R
3N

D = diag{D1,D2, · · · ,DN} ∈ R
3N×3N .

We use the following formula for Di

Di =







0 (unconstrained)
kcnin

⊺

i + k f

(

I−nin
⊺

i

)

(sliding consraint)
kcI (point constraint)

(4)

The formula shows that, for the sliding constraint, Di

is a combination of the orthogonal and the complemen-
tary projectors. The orthogonal projector suppresses the ni-
directional movement of the particle, leaving the other two
DOFs unconstrained. kc is used to control the degree of con-
straining. The complementary projector produces the effect
of friction on the tangential plane Tx as shown in Figure 2.
Therefore, in this work, k f is treated as the frictional coef-
ficient and is typically given a value much smaller than kc.
(k f does not produce the standard Coulomb friction, but ap-
plies only bilateral constraints on the tangential plane.) For
the point constraint, an identity matrix multiplied by kc is
used, which constrains the particle to all directions.

solid surface at  
at  

n

i
x

n

i
z

n̂

guess

i
x

n

i
d

T
x

Figure 2: A sliding constraint. The particle i is in contact

with the solid at the position xn
i at tn. x

guess
i is the position of

that solid surface point at tn+1.

If there is a positional change of a cloth particle that we
wish to enforce along the constrained direction (for example,
the case shown in Figure 2), then we add the following force
term fdisp,i to the right hand side of Equation (3)

fdisp,i = Didi. (5)

For di, we use the displacement x
guess
i - xn

i (see Figure 2) of

the contact point during [tn, tn+1]. fdisp,i is named as the
displacement force because it ends up producing a displace-
ment zi along the constrained direction. The addition of this
force does not make the linear system unstable because that
force is introduced to the system matrix in conjunction with
the corresponding Jacobian.

We conclude this section by noting the following for the
proposed soft constraint formulation:

• Adding D and fdisp produces the desired amount of dis-
placements along the constrained directions, but does not
affect the movements along the unconstrained directions.

• Although our formulation is based on soft constraints,
with the value of kc comparable to the stretch stiffness,
the method does not experience any instability problem.
The soft constraints accurately (enough for the clothing
simulation) emulate the hard constraints as Table 2 (in
Section 5.2) shows.

• Equation (3) is a constrained linear system and still sym-
metric positive definite. It can be solved by any linear
solver including the conventional PCG, instead of MPCG.
There is little difference in the speed of solving Equation
(3) with PCG and Equation (2) with MPCG. Therefore,
performance gains reported in Table 1 (in Section 5.2)
come from the use of MG.

• Although our soft constraint formulation is derived from
the idea of the mass modification method and implicit fil-
tering effect, since D is the positional derivative of the
force vector, fdisp, our formulation eventually corresponds
to the implicit-based (directional) spring/penalty force
method. (The term " directional" means that the spring
force is activated only in constrained direction.)

c© 2013 The Author(s)
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4.2. Coarsening

For solving Equation (3) by multigrid, the coarsening opera-
tor should be defined for the system matrix. To obtain physi-
cally consistent coarsening, we coarsen the mass matrix, in-
ternal Jacobian for tensile, internal Jacobian for bending, and
external Jacobian of Equation (3) separately as presented in
Oh et al.’s work [ONW08].

Our coarsening procedure for D is based on the obser-
vation that D is a 3N × 3N block diagonal matrix and can
be basically thought of as augmented masses (creating in-
ertia) of the constrained particles during current time step.
Suppose that m+ 1 is the current level and m is the coarser
level into which we want to coarsen D matrix. Let Pm,i be
an arbitrary particle in level m and let Pm+1,i be its copy
in level m + 1. Let Pm+1, j ( j = j1, j2, j3 · · ·) be the parti-
cles that form Pm+1,i’s one-ring neighborhood. Let Sm+1,i =
{

Pm+1,i,Pm+1, j1 ,Pm+1, j2 ,Pm+1, j3 · · ·
}

be the set of particles
consisting of the above one-ring neighborhood and Pm+1,i

itself. Let the coarsened matrix Dm be

Dm = diag
{

Dm,1,Dm,2, · · · ,Dm,Nm

}

∈ R
3Nm×3Nm , (6)

where Nm is the number of particles in level m. We use the
following linear combination for Dm,i

Dm,i = ∑
l

ωlDm+1,l , (7)

where l is the index covering all the elements of Sm+1,i. The
weighting factor ωl is the proportion of overlapped Pm,i ’s
Voronoi region in Pm+1,l’s Voronoi region for guarantee-
ing mass conservation across multigrid levels. In our im-
plementation, we used 0.5 for the particles Pm+1, j and 1.0
for the particles Pm+1,i assuming almost equilateral triangu-
lar meshes are prepared by the optimization [ACSYD05].
We tested the precise weighting scheme in which ωl is pro-
portional to the overlapping of Pm,i’s and Pm+1,l’s Voronoi
regions, but did not observe any noticeable performance im-
provements.

A fundamental question in defining the coarsening oper-
ator is what kind of constraints should be generated in the
level m to represent the constraints in the level m+ 1. Dm,i

is a 3× 3 symmetric matrix for any m and i, and its eigen-
vectors are the constrained directions, and its eigenvalues are
the constraining intensities. We note that the above coarsen-
ing procedure (Equation (7)) for Dm,i, which is in general
a heterogeneous summation of both sliding and point con-
straints, can be an answer to the above non-trivial question.
Figures 3 shows the result of coarsening for D in the practi-
cal example.

4.3. Restriction and Prolongation

Additionally, we need to define the restriction operator for
the residual vector and the prolongation operator for the
error for multigrid purposes. The displacement forces are
not different from the usual forces in the right hand side

 

 

 

Figure 3: Constrained particles in different levels of the pro-

posed coarsening method. The images in the bottom are en-

largements of the shoulder portion. The direction of the axis

coming out of each particle represents the constrained di-

rection, which is its (principal) eigenvector of Dm,i, and the

color of the particle represents its eigenvalue (constraining

intensity). The sliding constraints with intensity kc = 100 at

the finest level (the bottom leftmost image), and the coars-

ened constraints in the coarser level meshes with the proper

intensity and directions (the two bottom rightmost images).

b. So they are restricted with the full-weighting scheme,
which evenly distributes the residual associated with the
mid-particle to its two parent-particles. For the prolongation
operator, we use the linear interpolation as in the standard
multigrid; the mid-particle error is given as the average of
the two parent-particles’ errors.

Algorithm 1 V-cycle (m,Amum, fm)

for i = 1 to num of pre-smoother do

Pre-Smoother(Amum, fm)
end for

rm = fm −Amum

fm−1 = Restrict(rm)
if m-1 is coarsest level then

coarsest solver()
else

V-cycle(m−1,Am−1um−1, fm−1)
end if

em = Prolong(um−1)
um = um + em

for i = 1 to num of post-smoother do

Post-Smoother(Amum, fm)
end for

4.4. Hybrid Smoothing

Smoothing is the process of reducing the high frequency er-
ror at each level during V-cycles. Typical choices for such
smoothing are local iterative methods such as Gauss-Seidel.
In the clothing simulation, Oh et al. [ONW08] reports that
the conjugate gradient method shows a good performance.

c© 2013 The Author(s)
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The choice of the smoother is not trivial and depends on the
problem as mentioned in [Dou96].

Figure 4: Comparison of the convergence for different

choices of the pre-smoother, post-smoother, and other non-

MG methods in simulating one time step of walking One-

piece test. The number of vertices is 48534. The x-axis repre-

sents the computation time (msec). The y-axis is the relative

residual error measured in every pre/post-smoothing itera-

tion at the finest level. The numbers of pre-smoothing and

post-smoothing are 5 and 10, respectively. (For MPCG, CG

and GS, we measured every iteration.)

In this work, we present a new hybrid smoothing scheme
that combines the preconditioned conjugate gradient (PCG)
method as the pre-smoother, and the Gauss-Seidel (GS)
method as the post smoother. The rationale behind using the
mixture of PCG and GS for smoothing is to combine the
advantages of each iterative method. For the case of cloth-
ing simulations, PCG is better than any other smoothers in
the global convergence. In the down-stroke of the V-cycle,
in fact, PCG is very effective in reducing the overall error
at each level. GS, on the other hand, is a local smoother
that quickly dampens out high-frequency components of
the error without vitiating the low frequency components.
This property of GS works effectively in the up-stroke. As
shown in Figure 4, using GS post-smoothing behind PCG
pre-smoothing is quite efficient in reducing the residual er-
rors.

Our multigrid algorithm calls V-cycle() in Algorithm 1 re-
peatedly until convergence. In the pre-smoother step and the
coarsest solver, we use a block diagonal matrix as a precon-
ditioner (Jacobi preconditioning), and in the post-smoother
step, we use a 3×3 block-wise Gauss-Seidel method. GS is
parallelized by adopting a multi-coloring algorithm in trian-
gular meshes [Ada01]. For simplicity, we just apply the same
colors to the particles that are not updated simultaneously.
Each set of same colored particles are updated in parallel.
For PCG and MPCG, we also parallelize mat-vec multipli-
cation for a fair comparison in all experiments reported in
Section 5.2.

5. Results

5.1. Implementation

We implemented the proposed method for parallel per-
formance using OpenMP. All simulations were performed
on a single desktop computer with Intel Core i7 (3930K)
3.20GHz CPU and 12GB RAM. Final rendering (except for
the real-time footage) was done with V-ray and Maxwell via
Maya. For implementing the clothing simulator, we used the
triangle-based energy models [BW98] for the in-plane de-
formation and the hinge-based model [GHDS03] for the out-
of-plane deformation. For the time integration, we employed
the second order backward difference formula. Although we
formulated our method based on the first order backward dif-
ference formula in Section 4.1, extending to the second order
is straightforward.

Collision handling can be classified into two categories;
solid-cloth collision and cloth-cloth self collision. For solid-
cloth collisions, we handled only the collisions between
cloth’s vertices and solid’s triangles. Since we usually know
the next positions of solid objects, we can explicitly define
the sliding surfaces of solid-cloth collisions at the beginning
of the current time step. Considering both the cloth’s po-
sition and velocity in the current time step and the solid’s
surface in the next time step, we detected the penetrations
between cloth’s vertices and solid’s triangles, where we ap-
plied the sliding constraints on the vertices which were in
contact with solid’s surface.

For cloth-cloth collision, we handled both triangle-vertex
and edge-edge collisions. (In the production of the real-time
footage, we ignored self collisions.) In the case of cloth-cloth
contact (or penetration), the sliding surfaces are not explic-
itly decided because the positions of colliding particles in
the next time step are unkown yet. Instead, the colliding four
particle sets (such as vertex-triangle or edge-edge contact in
th cloth) have the repulsive (or attractive) directions to re-
solve the collisions, which can be used as the constrained
direction for sliding constraints. We adopted the Global In-
tersection Analysis [BWK03] to identify the repulsive force
or the attractive force. For each colliding four particle set, the
calculated force and its Jacobian are added to four particles
considering barycentric weights of triangles (or edges). The
added terms were also coarsened in our multigrid framework
in the same way as the external force and its Jacobian coars-
ening. In the process of solving the linear system, the ma-
jority of solid-cloth and cloth-cloth collisions are resolved,
but some unresolved particles still remain. Thus, after solv-
ing the linear system, we applied the continuous collision
detection/resolution [BFA02] for the post-processing.

5.2. Evaluation

We experimented our method with various cloth and cloth-
ing examples ranging from simple handkerchiefs to complex
garments as shown in Figures 5. To evaluate the speed-up,

c© 2013 The Author(s)
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(a) (b) (c) (d) (f) (e) (g) 

Figure 5: Scenes experimented: (a) Swinging Cloth, (b) Sphere Test 1, (c) Sphere Test 2, (d) Cylinder Test, (e) One-piece, (f)

Ruffle Blouse, (g) Jeans. Although the experiments for Ruffle Blouse and Jeans were done over a single simulation, book-keeping

for the measurement of the computation time was done separately.

Scenes #vertices/ 

#triangles 

Density/Stretch/ 

Shear/Bend 

 Avg. # 

of V 

Average time (ms) Speed 

up 
MPCG MG 

Swinging Cloth 24481/48320 1e-5/200/15/0.01 200/0 2.82 722.4 74.6 9.67 

Sphere Test 1 24481/48320 1e-5/150/10/0.001 150/0 2.98 512.8 76.8 6.67 

Sphere Test 2 25299/50032 1e-5/100/10/0.005 100/0 5.21 524.2 130.3 4.02 

Cylinder Test 23312/46112 1e-5/50/15/0.005 50/0 2.48 281.7 57.9 4.86 

One-piece 48534/96384 1e-5/100/10/0.01 100/0 4.82 1443.9 295.4 4.88 

Ruffle Blouse 54170/106816 1e-5/80/5/0.008 80/0 5.97 1989.6 438.3 4.53 

Jeans 45455/90544 1e-5/150/15/0.3 150/0 3.71 1205.3 208.5 5.77 

Table 1: This table summarizes the statistics in simulating

the seven scenes in Figures 5. The fifth column is the aver-

age number of V-cycles per each time step, and the average

computation time measured only the time taken for solving

the linear system. The time step size is 1/90 sec, the num-

ber of pre-smoothing and post-smoothing in one V-cycle is 5

and 10, respectively, and the stopping criteria is the relative

residual error 10−4 for all scenes.

we measured the average computation time for solving the
linear system with the MPCG and with the proposed multi-
grid method during 600 time steps. We considered MPCG
to be the ground truth for handling the constraints. Table 1
summarizes the statistics collected during the simulations.
It shows that the proposed method is about 4–9 times faster
than MPCG. The speed up in the cases of Sphere Test 2 and
Ruffle Blouse, which contain more small wrinkles than the
rest, is less than the other cases. It is because the multigrid
method is good at removing the smooth components of the
error with coarse-grid correction. Although the performance
gain varies, we note that the proposed method is by far su-
perior to MPCG in the performance without degradation of
the simulation quality even in collision-intensive cases.

The speed-up of MG with respect to MPCG does de-
pend on the mesh complexity of the finest level mesh. We
constructed the one-piece with increasing mesh complexi-
ties, and ran MPCG and MG, holding other conditions the
same. The graph in Figure 6 demonstrates that the speed-up
increases as the mesh complexity increases. (Although the
speed up depends also on the time step size, the material

Figure 6: This figure shows the time taken by the MPCG

and the proposed method (MG) in simulating the One-piece

at different mesh complexities. The x-axis is the number of

vertices, and the y-axis is the average computation time (in

msec) during 600 time steps. Other conditions except for the

mesh complexity are the same as the One-piece which are

summarized in Table 1.

properties, and the design of the outfit, the dependency on
those factors is minor and does not exhibit any clear mono-
tonic tendency compared to the mesh complexity.)

Figure 7: Comparison of the performance for different

choices of the pre-smoother and the post-smoother

Figure 7 shows how the speed of the proposed multi-
grid method is related with the choice of the smoother.

c© 2013 The Author(s)
c© 2013 The Eurographics Association and Blackwell Publishing Ltd.
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V(PCG,GS) represents the case when PCG is used for the
pre-smoother and GS is used for the post-smoother. It plots,
for each frame (x-axis) of the One-piece simulation, how
much time (y-axis) is taken for solving the linear system. In
the proposed method, constraints are enforced by solving the
linear system of Equation (3) without any additional filtering
step as in the MPCG method. Thus, a local smoother such
as Gauss-Seidel method can be applied to V-cycles. Accord-
ing to this experiment (and other unreported experiments the
authors performed), V(PCG,GS) is about 1.5–2 times faster
than the other choices.

Scenes \  10 100 1000 10000 

Swinging Cloth 1.421 0.131 0.0124 0.00125 

One-piece 1.216 0.139 0.0798 0.0102 

Jeans 1.127 0.117 0.0951 0.0143 (cm) 

Table 2: This table shows how closely the soft constraint

emulates the hard constraint. The maximum deviation from

the constrained point or plane is measured at different values

of kc.

Our constrained linear system presented in Section 4.1
produces soft constraints, whose intensity can be varied with
the coefficient kc. We typically set kc = 100, a value compa-
rable to the stretch stiffness. With this, the effect of the soft
constraint is practically indistinguishable from the hard con-
straints. Table 2 reports how much errors exist in the con-
strained particles that should stay fixed or slide on a plane.
We measured the maximum deviation from the constrained
point or plane for all the constrained particles during the
entire simulation. The table shows that, with kc = 100, the
maximum error stays within the collision offset (0.2 in the
normal direction), which is more than enough to maintain
stable contact between cloth and body. Of course, the error
in one time step does not accumulate to the subsequent time
steps.

6. Conclusion

In this paper, we presented the soft constraint formulation
which can handle both point and sliding constraints in the
multigrid framework for clothing simulation. Because this
method uses soft constraints, it can coarsen the constraints
defined in the finest level to the coarser levels. We also pre-
sented how the soft constraints can be coarsened across dif-
ferent levels, and showed through several experiments that
the proposed constraint method along with the multigrid
method can solve the linear system up to several times faster
in comparison with the MPCG without quality degradation
even in collision-intensive cases. Although we employed
soft constraints, we showed that their effect is practically
identical to the hard constraints which have been widely
used in clothing simulation. The proposed method is easy

to implement and can be applied to existing clothing simu-
lators which are based on implicit time integration. For fu-
ture work, the collision detection algorithm in the hierarchi-
cal mesh would be improved, which is the performance bot-
tleneck now. Multi-resolution collision detection techniques
such as [OGRG07] may be the suitable choice for this prob-
lems. Finally, our method would be expected to be imple-
mented in GPU architectures using more optimized parallel
Gauss-Seidel algorithm in triangular mesh.

References

[ACSYD05] ALLIEZ P., COHEN-STEINER D., YVINEC M.,
DESBRUN M.: Variational tetrahedral meshing. ACM Trans.

Graph. 24 (July 2005), 617–625. 3, 5

[Ada01] ADAMS M. F.: A distributed memory unstructured
gauss-seidel algorithm for multigrid smoothers. In Proceedings

of the 2001 ACM/IEEE conference on Supercomputing (2001),
p. 4. 6

[Ada04] ADAMS M. F.: Algebraic multigrid methods for con-
strained linear systems with applications to contact problems in
solid mechanics. Numerical Linear Algebra with Applications

11, 2-3 (2004), 141–153. 2

[BFA02] BRIDSON R., FEDKIW R., ANDERSON J.: Robust treat-
ment of collisions, contact and friction for cloth animation. ACM

Trans. Graph. 21 (July 2002), 594–603. 1, 2, 6

[BHM00] BRIGGS W. L., HENSON V. E., MCCORMICK S. F.:
A multigrid tutorial (2nd ed.). Society for Industrial and Applied
Mathematics, Philadelphia, PA, USA, 2000. 1, 3

[BMWG07] BERGOU M., MATHUR S., WARDETZKY M.,
GRINSPUN E.: Tracks: toward directable thin shells. ACM Trans.

Graph. 26, 3 (2007), 50:1–50:10. 2

[Bra77] BRANDT A.: Multi-level adaptive solutions to boundary-
value problems. Mathematics of Computation 31 (1977), pp.
333–390. 1, 3

[BW98] BARAFF D., WITKIN A.: Large steps in cloth simula-
tion. In Proceedings of conference on Computer graphics and

interactive techniques (1998), SIGGRAPH ’98, ACM, pp. 43–
54. 1, 2, 3, 4, 6

[BWH∗06] BERGOU M., WARDETZKY M., HARMON D.,
ZORIN D., GRINSPUN E.: A quadratic bending model for in-
extensible surfaces. In Proceedings of Eurographics symposium

(2006), SGP ’06, pp. 227–230. 2

[BWK03] BARAFF D., WITKIN A., KASS M.: Untangling cloth.
ACM Trans. Graph. 22 (July 2003), 862–870. 6

[CK02] CHOI K.-J., KO H.-S.: Stable but responsive cloth. ACM

Trans. Graph. 21, 3 (2002), 604–611. 2, 3

[dASTH10] DE AGUIAR E., SIGAL L., TREUILLE A., HODGINS

J. K.: Stable spaces for real-time clothing. ACM Trans. Graph.

29 (July 2010), 106:1–106:9. 2

[Dou96] DOUGLAS C. C.: Multigrid methods in science and en-
gineering. Computational Science and Engineering, IEEE [see

also Computing in Science & Engineering] 3, 4 (1996), 55–68. 5

[DSB99] DESBRUN M., SCHRÖDER P., BARR A. H.: Interactive
animation of structured deformable objects. In Graphics Inter-

face (1999), pp. 1–8. 4

[FYK10] FENG W.-W., YU Y., KIM B.-U.: A deformation trans-
former for real-time cloth animation. ACM Trans. Graph. 29

(July 2010), 108:1–108:9. 2

c© 2013 The Author(s)
c© 2013 The Eurographics Association and Blackwell Publishing Ltd.



I. Jeon et al. / Constrainable Multigrid for Cloth

[GHDS03] GRINSPUN E., HIRANI A. N., DESBRUN M.,
SCHRÖDER P.: Discrete shells. In Proceedings of ACM

SIGGRAPH/Eurographics symposium on Computer animation

(2003), p. 62. 2, 6

[GHF∗07] GOLDENTHAL R., HARMON D., FATTAL R.,
BERCOVIER M., GRINSPUN E.: Efficient simulation of inex-
tensible cloth. ACM Trans. Graph. 26 (July 2007). 2

[KGBS11] KAVAN L., GERSZEWSKI D., BARGTEIL A. W.,
SLOAN P.-P.: Physics-inspired upsampling for cloth simulation
in games. ACM Trans. Graph. 30 (Aug. 2011), 93:1–93:10. 2

[KH08] KAZHDAN M., HOPPE H.: Streaming multigrid for
gradient-domain operations on large images. ACM Trans. Graph.

27 (August 2008), 21:1–21:10. 2

[LYO∗10] LEE Y., YOON S.-E., OH S., KIM D., CHOI S.:
Multi-resolution cloth simulation. Computer Graphics Forum

(Pacific Graphics) 29, 7 (2010). 2

[MC10] MÜLLER M., CHENTANEZ N.: Wrinkle meshes. In Pro-

ceedings of ACM SIGGRAPH/Eurographics Symposium on Com-

puter Animation (2010), SCA, pp. 85–92. 2

[MHHR07] MÜLLER M., HEIDELBERGER B., HENNIX M.,
RATCLIFF J.: Position based dynamics. vol. 18, Academic Press,
Inc., pp. 109–118. 1, 2, 3

[MST10] MCADAMS A., SIFAKIS E., TERAN J.: A parallel
multigrid poisson solver for fluids simulation on large grids. In
Proceedings of ACM SIGGRAPH/Eurographics Symposium on

Computer Animation (2010), SCA ’10, pp. 65–74. 2

[Mu08] M ÜLLER M.: Hierarchical position based dynamics. In
VRIPHYS’08 (November 2008), pp. 13–14. 2

[MZS∗11] MCADAMS A., ZHU Y., SELLE A., EMPEY M.,
TAMSTORF R., TERAN J., SIFAKIS E.: Efficient elasticity for
character skinning with contact and collisions. ACM Trans.

Graph. 30 (Aug. 2011), 37:1–37:12. 2

[NSO12] NARAIN R., SAMII A., O’BRIEN J. F.: Adaptive
anisotropic remeshing for cloth simulation. ACM Trans. Graph.

31, 6 (2012), 152:1–152:10. 2

[OGRG07] OTADUY M. A., GERMANN D., REDON S., GROSS

M.: Adaptive deformations with fast tight bounds. In Pro-

ceedings of the 2007 ACM SIGGRAPH/Eurographics symposium

on Computer animation (Aire-la-Ville, Switzerland, Switzerland,
2007), SCA ’07, Eurographics Association, pp. 181–190. 8

[ONW08] OH S., NOH J., WOHN K.: A physically faithful multi-
grid method for fast cloth simulation. Comput. Animat. Virtual

Worlds 19 (September 2008), 479–492. 2, 3, 5

[OTSG09] OTADUY M. A., TAMSTORF R., STEINEMANN D.,
GROSS M.: Implicit contact handling for deformable objects.
Computer Graphics Forum 28, 2 (2009), 559–568. 2

[RPC∗10] ROHMER D., POPA T., CANI M.-P., HAHMANN S.,
SHEFFER A.: Animation wrinkling: augmenting coarse cloth
simulations with realistic-looking wrinkles. ACM Trans. Graph.

29 (December 2010), 157:1–157:8. 2

[SYBF06] SHI L., YU Y., BELL N., FENG W.-W.: A fast multi-
grid algorithm for mesh deformation. ACM Trans. Graph. 25

(July 2006), 1108–1117. 2

[TPS09] THOMASZEWSKI B., PABST S., STRAβER W.:
Continuum-based strain limiting. Computer Graphics Forum 28,
2 (2009), 569–576. 2

[VMTF09] VOLINO P., MAGNENAT-THALMANN N., FAURE F.:
A simple approach to nonlinear tensile stiffness for accurate cloth
simulation. ACM Trans. Graph. 28 (September 2009), 1–16. 2

[WFB87] WITKIN A., FLEISCHER K., BARR A.: Energy con-
straints on parameterized models. SIG.Comput.Graph. 21 (Aug.
1987), 225–232. 2

[WHRO10] WANG H., HECHT F., RAMAMOORTHI R.,
O’BRIEN J.: Example-based wrinkle synthesis for clothing
animation. ACM Trans. Graph. 29 (July 2010), 107:1–107:8. 2

[WOR10] WANG H., O’BRIEN J., RAMAMOORTHI R.: Multi-
resolution isotropic strain limiting. ACM Trans. Graph. 29 (De-
cember 2010), 156:1–156:10. 2

[WOR11] WANG H., O’BRIEN J. F., RAMAMOORTHI R.: Data-
driven elastic models for cloth: modeling and measurement.
ACM Trans. Graph. 30 (Aug. 2011), 71:1–71:12. 2

[ZSTB10] ZHU Y., SIFAKIS E., TERAN J., BRANDT A.: An
efficient multigrid method for the simulation of high-resolution
elastic solids. ACM Trans. Graph. 29 (2010), 16:1–16:18. 2

c© 2013 The Author(s)
c© 2013 The Eurographics Association and Blackwell Publishing Ltd.


